These notes are taken from W.T. Tutte. The Enumerative Theory of Planar Maps. A Survey of Combinatorial Theory, Chapter 37. North-Holland, 1973. and from notes I took during courses taught by Professor Tutte.
0, and thus that q 0 x 2 and h 0 1. The term x 2 corresponds to the map K 2 .
Considering z 1 leads to q 0 2 q 0 q 1 x x 2 h 0 0, hence q 1 x 3 and h 1 0. The term x 3 z corresponds to the map K 3 .
Examining z 2 yields 2q 0 q 1 q 1 xq 2 x 2 h 1 0, and therefore q 2 2x 4 x 2 and h 2 1. There are two ways to root K 4 e and one way to root the other map.
In a similar vein we can compute The reader may check that these correctly account for the appropriate maps. In general, once we know q 0 , q 1 , , q k , and therefore, h 0 , h 1 , , h k , we look at z k 1 and we find that q k 1 is now determined. In fact, for k 0,
As another approach, we could suppose we have a partial solution q such thati k q i x q k z i z k 1 , the ideal in R x, z generated by z k 1 . Then, with h x 2 q, we
Thus, allows us to calculate repeated iterates of an initial guess for q, say q h 0, with the result of each iteration being in a smaller ball of the topology generated by the ideals z j . Hence, the approximations converge in the algebra of formal power series. The prime factors are all relatively small. This may indicate that the coefficients are products of power and factorials. One could guess that x 12 z 10 q is a fraction whose numerator has a factor of 19!, for example. (Or 20! or 21! or 22!, but probably not 23!). Analyze enough of the coefficients and one may be able to determine where each prime first appears.
We would now like to solve more generally. Now is equivalent to
We will begin by determining h z . Since h z is independent of x, we can look for a nice choice of x to simplify .
If we choose x z so that L , z 0, we simplify the calculations.
We do not expicitly find , but we should note that there is such a power series. In fact, L , z 2zq , z z 0 implies that z 2zq , z and we may solve for by successive approximations.
What I had in my own notes is the following, but I'm a bit skeptical of these statements. "If
However, we could argue as follows: We calculate:
